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Abstract 
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O ■ Any quantum device that amplifies coherent states of a field while preserving 



X 



their phase generates noise. A nonlinear, phase-invariant amplifier may gen- 



erate less noise, over a range of input field strengths, than any linear amplifier 

with the same amplification. We present explicit examples of such nonlinear 

amplifiers, and derive lower bounds on the noise generated by a nonlinear, 

phase-invariant quantum amplifier. 
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Any quantum device that amplifies a field while preserving its phase generates noise. 
Noise is unavoidable since the phase and number operators for modes of a quantum field do 
not commute. Two values characterize a phase-preserving or phase-invariant [|1] amplifier: 
the amplification coefficient G = (A) /(a), and the noise D = {A* A) — (A*) (A). Here we 
focus on a single field mode, for simplicity: a and A denote the field mode before and 
after amplification, respectively. We take expectation values in a coherent state |a); since 
a | a) = a | a), the noise in the unamplified field is zero. For a linear quantum amplifier, G 
is a constant, independent of the initial state, and the minimal noise is well known |2]-[I : 
D > \G\ 2 — 1 for \G\ > 1. For a nonlinear amplifier, G depends on x = a* a (but not on 
the phase of a). In this Letter, we derive lower limits for the quantum noise in nonlinear 
quantum amplifiers, and demonstrate that a nonlinear amplifier may generate less noise, for 
the same amplification, than any linear amplifier, over a range of input field strengths. 

What makes an amplifier a quantum amplifier is that the mode operators before and after 



amplification must be related by a unitary transformation, A = U^aU . Thus, [ 



a, a 



implies [Q that [A ^] = 1- in principle, U could depend on the field operators a and a) 
alone. However, then there will be no amplification. If U depends on a and a T alone, then 
phase invariance requires it to depend only on a^a; the noise, (WaJaU) — {U^a)U)(U^aU) = 
\a\ 2 — \aG(x)\ 2 , cannot be negative, so \G\ < 1. When |G(x)| = 1 there is no noise, but 
the amplifier does not amplify. We must introduce operators for the amplifier, and these 
induce noise. The choice U = exp(-iHt) , with H = i(a^tf — ab) , leads to a linear 
amplifier. (The amplifier degree of freedom b obeys [b,b*] = 1, and t is real.) We find 
A = U^aU = a cosh t + b^ sinht; for an amplifier prepared in the ground state G = cosht, 
and the noise D = sinh t saturates the bound D < \G\ 2 — 1 for linear amplifiers. 

For nonlinear amplifiers, we have no general expression for U and A in terms of field and 
amplifier degrees of freedom. Nevertheless, we have the following lower bounds for the noise 
of a nonlinear, phase-invariant quantum amplifier: 

Theorem. Let D = (a\A^A\a) - (a\WA^U\a)(a\WAU\a), and 
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Then D > E{x) and D > F(x) . 

Proof. Define the set of states \a^ n ') 



, aW) = V-°')" ]a) 



where (a^|a^) = 5 mn and |a(°)) = |a). Differentiating the expansion 
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we obtain 
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Note that A = WaU does not depend on a, since the amplifier cannot anticipate the input 
state. Thus, Eqs. (@-0) imply 



1 an 1 an 

{aG) = (a\A\a {n) ) , -^-^—{a*G*) = (a\A^\a {n) ). 
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Consider the identity operator I in the Hilbert space of states of the field: 



(5) 
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Io is only part of the identity operator / in the Hilbert space of states of the field and 
amplifier: 



J= E \m,a {n) )(m,a {n) \ 

m,n=0 



(7) 



The index m refers to the states of the amplifier. Without loss of generality, we may identify 
Jo with the m = term in J, where m = represents the initial state of the amplifier. 
Inserting I into the expectation value (alAM^a) — where we identify |a) with |0, a) — we 
obtain 



(a\A^A\a) = {a\A ] IA\a) > {a\A ] I A\a) 



(8) 
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On the other hand, since A^A = AA^ — 1 and (alA/A^a) > (alA/oA^a), we have 
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D > (a\AI Al\a) - 1 - \aG\ 2 = £ -r 
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- 1 = F{x) . (10) 



(End of proof ) 

Both E(x) and F(x) are lower bounds on the noise of a nonlinear, phase-invariant quan- 
tum amplifier. When G is constant, F(x) reduces to the bound for linear amplifiers, \G\ 2 — 1. 
But both bounds can be less than |G(x)| 2 — 1, for a range of values of x, if |G(a;)| decreases 
with x. (\G(x)\ decreasing with x describes amplifier saturation.) We have not yet shown 
that, for any given G(x), a nonlinear amplifier can realize these lower bounds. A class of 
amplifiers which do realize the lower bound F(x) have a linear amplification followed by a 
nonlinear refraction depending only on a)a: 



A = e 



m 



Goa+GGor-l) 1 / 2 ^-^ , (11) 



where t is real. For example, let H = a^a(a^a — l)/2. We find (using Eq. (|3|)) that G(x) = 
Goexp(-qx), and D = \Go\ 2 [1 + x — xexp(— |g| 2 x)] — 1 , where q = 1 — e~ lt . The amplifier 
realizes the lower bound F(x) = D, while E(x) = D — 1 + |Go| 2 • F° r this class of amplifiers, 
the linear lower bound D > \G(x)\ 2 — 1 also holds. It is broken in the next example. 

The resonant interaction of N identical two-level atoms with a single-mode field can 
be described by the Hamiltonian H = iatf — ia^b , where b = Y.k=i^k ,b k bj = (1 — 
o~jk)bjbk , b' k bj = bjb k for j ^ k , and b k b k + b k b k = 1. (b\ is the operator for exciting the 
/c-th atom.) The evolution operator exp(-iHt) defines the transformation U . Let all atoms 
be excited in the initial state of the amplifier. In this case G is real. For iV = 10 and a 
given value of t, let Gt denote the amplification factor and D t the noise. We compute the 
evolution from the initial state numerically. Fig. |T| shows the coefficient g = G 2 and the 
noise D t versus t at input intensity x — 1. The noise D t oscillates quasiperiodically while 
Gt has "revivals". Fig. |^, a plot of D t (l) versus |Gt(l)| 2 , shows that the linear relation 



D > \G\ 2 — 1 is valid only at small t (for G\ ;$ 2), where the amplifier is linear, and violated 
at larger x. Fig. |3] compares D, \G\ 2 — 1, E, and F as functions of x, while Fig. |] is a plot of 
the three bounds versus |G(x)| 2 , for t = 0.5. The nonlinear amplifier beats the linear limit, 
while the lower limits of the Theorem hold. 

The final example involves a small nonlinear perturbation on a linear amplifier. We 
define 

A = Ca + Stf - e [a! a 2 - (C / S)a 2 b + (2C/S)aW] , (12) 

where C = cosht, S = sinht, and [a, a*] — 1 = [b, tf], [a, 6'] = = [a, b]. Let e be small and 
positive. We find [A, A^] = 1 to order e, and (A) — (C — ex)a, i.e. G = C — ex. The noise 
is .D = C 2 — 1 — 4Cxe < G 2 — 1, violating the linear limit to first order in e. It saturates 
the bound F(x), while i5(x) = to this order. 

In summary, we have obtained lower bounds on the irreducible noise of a nonlinear, phase- 
preserving quantum amplifier, in terms of the amplification factor G and its derivatives. For 
G constant, the amplifier is linear, and the bound F reproduces the linear bound. For 
G not a constant, however, the nonlinear bound can undercut the linear bound. Explicit 
examples confirm that the noise of a nonlinear amplifier can be less than that of an ideal 
linear amplifier with the same amplification coefficient, over a range of input field strengths. 
However, we have not determined in general which functions G(x) correspond to nonlinear 
amplifiers, nor whether the lower bounds can be realized. 
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FIGURES 
FIG. 1. Amplification coefficient g = G 2 and noise D% versus t at x = 1 for the Cummings-Tavis 
amplifier with TV = 10 atoms. At t = 0, G 2 = 1 (thick line) and D = (thin line). 

FIG. 2. The noise D t versus G 2 under the same conditions. 

FIG. 3. The noise D (thick curve), linear lower bound G 2 — 1 (thin curve), and lower bounds 
E (dotted curve) and F (dashed curve) versus x for the Cummings-Tavis amplifier at iV = 10, 
£ = 0.5. 

FIG. 4. The noise D and all bounds versus G 2 under the same conditions. 
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FIG. 1. Amplification coefficient g — G 2 and noise D t versus £ at rr = 1 for the Cummings- 
Tavis amplifier with N = 10 atoms. At t = 0, G 2 = 1 (thick dotted line) and D = (thin 
line). 




FIG. 2. The noise D t versus G\ under the same conditions. 
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FIG. 3. The noise D (thick curve), linear lower bound G 2 — 1 (thin curve), and lower 
bounds E (dotted curve) and F (dashed curve), versus x for the Cummings-Tavis amplifier 
at N = 10, t = 0.5. 
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FIG. 4. The noise D and all bounds versus IGI 2 under the same conditions. 
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